Let G be an edge-colored graph. The color degree of a vertex v of G, is defined as the number of colors of the edges incident to v. The color number of G is defined as the number of colors of the edges in G. A rainbow triangle is one in which every pair of edges have distinct colors. In this paper we give some sufficient conditions for the existence of rainbow triangles in edge-colored graphs in terms of color degree, color number and edge number. As a corollary, a conjecture proposed by Li and Wang (Color degree and heterochromatic cycles in edge-colored graphs, European J. Combin. 33 (2012Combin. 33 ( ) 1958Combin. 33 ( -1964) is confirmed.
G an edge-colored graph (or briefly, a colored graph) if it is assigned such an edge-coloring In this paper, we mainly study the existence of rainbow triangles in colored graphs.
Let G be a colored graph on n vertices. It follows from Turán's theorem that G contains a Let G be a complete graph with vertex set V (G) = {v 1 , v 2 , . . . , v n }. For the edge v i v j , 1 ≤ i < j ≤ n, we assign the color i to it. Then e(G) + c(G) = v∈V (G) d c (v) = n(n + 1)/2 − 1, and G contains no rainbow triangles. This implies that the bounds of Theorems 1 and 2 are both sharp.
Li and Wang [4] conjectured that a colored graph G on n vertices contains a rainbow triangle if d c (v) ≥ (n + 1)/2 for every vertex v ∈ V (G). As a corollary of Theorem 2, we can see that Li and Wang's conjecture is true.
With more effort, we can prove the following stronger theorem.
Theorem 3. Let G be a colored graph on n vertices. If d c (v) ≥ n/2 for every vertex v ∈ V (G) and G contains no rainbow triangles, then n is even and G is the complete bipartite graph K n/2,n/2 , unless G = K 4 − e or K 4 when n = 4.
Let D = (V, A) be a digraph and v be a vertex of D. We use
the set of out-neighbors (in-neighbors), and d When no confusion occurs, we use Let G be an associated colored graph of an oriented graph D. Note that the color degree
. This is the reason why we consider the sum of edge number and color number for the existence of rainbow triangles in colored graphs.
Now we come back to digraphs. We use a(D) to denote the number of arcs of a digraph D. In the following, we give two theorems concerning directed triangles corresponding to Theorems 2 and 3, respectively. Conjecture 1 (Caccetta and Häggkvist [2] ). Any oriented graph on n vertices with minimum in-degree at least n/3 contains a directed triangle.
Since this conjecture is difficult to prove, one may seek for the value α as small as possible such that every oriented graph on n vertices with minimum in-degree at least αn contains a directed triangle. The best value of α known to us is 0.3435 · · · (See Lichiardopol [5] ). We list the following result due to Shen, which is used in our proof of Theorem 5.
Theorem 6 (Shen [6] ). If α = 3 − √ 7 = 0.3542 · · · , then any oriented graph on n vertices with minimum in-degree at least αn contains a directed triangle.
Proofs of the theorems
Proof of Theorem 1.
Suppose the contrary. Let G be a counterexample with the smallest number of vertices, and then with the smallest number of edges.
Claim 1. G contains two edges with the same color.
Proof. It follows from Turán's theorem that there exists a triangle in G, which has two edges with the same color since G has no rainbow triangle.
Proof. By Claim 1, let e 1 and e 2 be two edges with the same color. Then e(G − e 1 ) =
Note that G − e 1 does not contain a rainbow triangle. Thus G − e 1 is a counterexample with fewer edges, a contradiction.
Let v be a vertex in G, and s a color in C(G). If all the edges with color s are incident to v, then we call s a color saturated by v. We use d s (v) to denote the number of colors saturated by v.
Note that G − v does not contain a rainbow triangle. Thus G − v is a counterexample with fewer vertices, a contradiction. By Claims 2, 3 and 4, we can get that
By Claim 4, every two edges have distinct colors, contradicting to Claim 1.
The proof is complete.
Proof of Theorem 2.
The proof of this theorem is based on Theorem 4, which will be proved later. Suppose that G satisfies the condition of Theorem 2 but contains no rainbow triangles. Let G ′ be a spanning subgraph of G satisfying the condition of Theorem 2 with number of edges as small as possible.
Claim 1. For each edge uv ∈ E(G ′ ), one of the following is true:
Proof. If C(uw) = C(uv) for some w ∈ N G ′ (u)\{v}, then the removal of the edge uv does not reduce the color degree of u. If C(wv) = C(uv) for some w ∈ N G ′ (v)\{u}, then the removal of the edge uv does not reduce the color degree of v. Since G contains the fewest edges, either (1) or (2) 
holds, then the orientation of the edge is from v to u; if (2) holds, then the orientation is from u to v; if both (1) and (2) 
By Claim 4, we have
By Theorem 4, there is a directed triangle in D, say uvwu. By Claim 2, C(uw) = C(uv), C(uv) = C(vw) and C(vw) = C(uw). Therefore, uvwu is a rainbow triangle in G, a contradiction.
Proof of Theorem 3.
The proof of this theorem is based on Theorem 5. Suppose that G contains no rainbow triangles and d c (v) ≥ n/2 for every v ∈ V (G). Let G ′ be a spanning subgraph of G satisfying the condition of Theorem 3 with number of edges as small as possible. As in the proof of Theorem 2, we have Claim 1. For each edge uv ∈ E(G ′ ), one of the following is true:
(1) C(uw) = C(uv) for w ∈ N G ′ (u)\{v}; or (2) C(wv) = C(uv) for w ∈ N G ′ (v)\{u}.
Now we give an orientation to G ′ as in the proof of Theorem 2, and similarly, we have 
By Claim 4, we have d − (v)+ω + (v) ≥ n/2 for every v ∈ V (D). By Theorem 5, either D
contains a directed triangle or n is even and D is an orientation of the complete bipartite graph K n/2,n/2 . If there is a directed triangle in D, then it is a rainbow triangle in G, a contradiction. Thus we assume that n is even and D is an orientation of G ′ = K n/2,n/2 . The proof is complete.
For any vertex
v ∈ V (G ′ ), since d c G ′ (v) ≥ n/2 and d G ′ (v) = n/2,
Proof of Theorem 4.
Let G be the associated colored graph of D. We first prove the following claim. Note that e(G) = a(D) and
We have
By Theorem 1, there is a rainbow triangle in G; and by Claim 1, there is a directed triangle in D.
Proof of Theorem 5.
We prove the theorem by induction on n. Since the result is trivially true when n = 2, 3, we assume that n ≥ 4.
, where
there is a directed triangle by Theorem 6. Thus we suppose that there is a vertex v such that
Noting that d − (v) + ω + (v) ≥ n/2, we have
Proof. We use b(v) to denote the number of vertices which are not adjacent to v.
Suppose that every component of D[N + (v)] has at least two vertices. Then
and by (2),
That is,
Let H be the subdigraph of D induced by N − (v). If for every vertex u ∈ V (H), Thus we have
Combining (3) with (4), we have n/2 − 1 − αd − (v) < d − (v) − 1, and
(noting that 2α(1 + α) = 0.9594 · · · < 1), contradicting to (1).
Now let w be an isolated vertex of D[N + (v)], and let
Proof. First we assume that u ∈ N − (v). Note that wu / ∈ A(D); otherwise uvwu will be a directed triangle. We have d 
Next we assume that u ∈ N + (v)\{w}. Since w is an isolated vertex of
is not adjacent to u. This implies that d
At last, we assume that u is not adjacent to v. If u and w are not adjacent to each other, then the removal of {v, w} does not change the in-and out-neighbors of u. If wu ∈ A(D), 
By induction hypothesis, D ′ contains a directed triangle or n is even and D ′ is an orientation of K n/2−1,n/2−1 . If D ′ contains a directed triangle, then it is also a directed triangle in D. Now we assume that n is even and D ′ is an orientation of K n/2−1,n/2−1 . Now we claim that v cannot be adjacent to one vertex x ∈ X and one vertex y ∈ Y .
Suppose not. If {x, y, v} does not induce a directed triangle, then there is a vertex, say x, dominating the other two vertices. But in this case, N + (x) is not an independent set, a contradiction.
Without loss of generality, we assume that v is not adjacent to any vertex in Y and then adjacent to all the vertices in X. By Claim 3, w is not adjacent to any vertex in X and adjacent to all the vertices in Y . Thus D is an orientation of K n/2,n/2 .
